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G.iJ .Ci* 



This work is an extension of the investigation which 
was first began by Cain* into the practicability of applying 
the principles of moment distribution to the solution of 
archod bents. Cain determined the fixed ©rid moment, carry 
over factor, and absolute stiffness of prismatic parabolic 
arches of 575' span fcx % various rise/ span ratios. Janson 
and Jones** continued the wo rk by investigating various 
spans and found that foi* prismatic parabolic arenes, a 
definite relationship existed between those factors and 
the span far a .riven rise/ span ratio. asconlk^ did similar 
wox*k on rion-prlseetic parabolic arches. 

The object of this taoois van to investigate prismatic 
and non-priaemtic circular arches, to determine the fixed 
end moment, carry over factor, and absolute stiffness for 
suca arc.'ee . t.ving a rise/span ratio between 0.00 and 0.40, 
and to apply the moment distribution method of analysis to 
bents having cither type of circular area as their top member. 



*Cain, . Application of r o*.ei.t distribution to rc..ed 
Bonis, ? osis, tf.f.i., /ebruarj , 1<M7. 

^Hansoti, £.i*. , and Jones, h . stood of •plication of 

oront ilatrlbutlan to ..olutior. cx* .-rcaea .,ent», ‘Thesis, 
, «y, 1 t‘4?>. 

^..‘asceniU, John, .etnod of Application of Distribution 

to the solution of arched >ents witr. a varying 'o,uent 
of Inertia, Thesis, h.I.l., bay, 1949. 
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myiifraofca of symjoj-s 



Length of spun in feet. 

Total l*si^t i of »rch in foot# 

vtiHe in foot - distance frow »pr line to 
crown. 

orlaontal thrust in Kips. 

Fixed end rtoanen t in kip foot At sprln jin-j;. 

Fixed end racunent in Kip feet at loft sprinpin : > 
Vertical reaction in kips. 

Cross sectional moment of inertia at any point 
alon.'' the arch. 

Cross sectional moment of inortia at tne crown 
of tne arch. 

T)>o sn^le be two an tanrsnt to worxin^j line of 
arch, and a line parallel to sprift&in,^ line, 
equal to 

The on’lo subtended oy t..®t portion of t ie arch 
between the crown and any point on the area. 

Increment of lort&tn ttlon.-j the arch. 

Total horizontal deflection of a point. 

Total vertical deflection of ® point. 

Total angular rotation of u point. 

’orissontel deflection of a point due to the 
application of a unit horizontal force. 

Vortical deflection of a point duo to the 
application of a unit vertical force. 



. oritontal deflection t,f a point due to t <o 
application of a unit vertical force. 
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Vortical deflection of o point i; U 8 to u.e 
application of a unit horizontal force. 

horizontal deflection of u point due to txo 
application of a unit ^oaant . 

Vertical deflection of a point due to the 
application of a unit czojiont. 

Angular rotation of the , rmber at a point duo 
to the application of a unit .orient. 

anjulcr rotation of the nottbar at a point due 
to th.o application of a unit vortical force. 

Angular rotation of t >,<•; <>.<*w.bei* at a point duo to 
too application of a unit horizontal forco. 

'fho vertical distance fron the arch center to 
the neutral point. 

?:«a horizontal distance frowi the vertical ref- 
erence axis to the point of application of the 
unit load. 

Tv© an r,le subtended by the arc between crown 
and lond point. (ain“*X^p/fi) 

Radius of area cioasurod In feet. 
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Horizontal reaction at t.ie n«utz*sl point. 
Vertical reaction at the neutral point, 
lo. ant at tua neutral point. 

Load point - point of application of tne lo* . 

The *in ; lo subtended b’, arc between t ie crown 

and tne right or left springing point. 
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vi ;n tuxv.,vrxoH 



The carr. -over factor is considered positive when the 
noraeat applied at tao hinged end produces tension on the 
fcc-p of tao txrch and tho nosnent Induced nt tao fixed ond 
provinces tension on the bo tto-a af the «ren. 

-osltive tubulated and plotted fixed end nor.oats 
indicate tension on the top of the movc.bar at tne end 
consider© 1. 

The Boenta considered ixi t^e ossont distribution 
fcet tod are all internal acwwmts or in other words, the 
moment exerted by the wjjber on the joint. If tno end 
of the nunbor tends to rotate t.„e joint in a clockwise 
direction, the internal ssonent is considered to bo 
positive . 
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Tt la a well .mown fact th«t ir.de terminate rltfid fra es 
bo solved b> tun method of c*«nt distribution provided 
the constant. 3 (a) stiffness at each end, fb) fixed-end 
marten ts at each end, and (a) carry-over factor at each end, 
uro known for each member s»a'<iii«j up the frurto. 

Curves giving the required constants for non-prisxutlc 
members having on# od b a straight Lave been available to 
(So signors for so«o time; however, to ino knowledge to tx.s 
an t Ivors, no auen cooplotc information .in 3 boon r.ado avail- 
able on prisetatic and non-pri emetic circular arched members* 

In this thesis, t*,a ccnatuntn required for a solution 
b; notion fc Uietrlb it ion .ave been doternined for pri emetic 
circular arched ae&imra, and for n.n n~ pr i w.~m . tic circular 
arched ceiiSfjrs naving rlso/spaa ratios of 0,04, 0,08, 0.20, 
0,30, and 0,40. 

"‘rse exact formula for each of tho constants was 
derived in terms of the joomotrlcal characteristics of tho 
area, and tho relationship between these constants and tho 
span for tno same riae/span ratio was determined. The solu- 
tion of tho derived i‘o?x;iul«a for an »:rcn rut v ini u span of 
cne foot provided data I'rr curves fro si which t '•« required 



constant* fcr circular arched mecxbors of &.ny span h«vl ng rise/ 
span ratios within the range of 0.04 to 0.40 can bo oe terulned 

The »:«t jod of analysis ur.&d to oer 1\& the farnule for 
fixed <md nosamt is « combination of The Conjugate h true tore 
''etnod an \ the leu feral Point ’ othod. The ienoral atr.od and 
the t/’.oo V'j of Virtual *-orit were used to derive formulas for 
carry-over factor, absolute stiff nea* and tr.o effect of 
spread* 

?*-•« -on jugate structure ’•'stood van developed by J. fi«r- 
liny* \inney, frofeaaor of , tructurul hnglnoerln H.F.I., Troy 
r ow fork, "*•>.« principles of tho n« fchod are as follows: 

"(1) ,r ho conjugate structure, fcr a &iv«n reel structure, 
is identical to the real structure wifcn regard to the lenrtha 
of the aarnbare and their relative position. 

(2) Vhf conjugate structure is positioned in u nor i Ren- 
ts! plane. 

(3) ?.<» lose!, wnich acts in a vertical direction on the 
conjugate structure, i© t,j© V/Zl diagram of the real structure 
that la, tic conjugate structure is loaded -«*itn tho flexural 
strains of the real structure. 

(4) if the flexural strain at a given section of the real 
structure la such ix$ to cauao tension on tl.a outside fibers, 
then this flexural strain is represented us a downward loan 

on t con jUi*ato structure. If compression oxists on the 
octal i« fibers of the real structure, the load on the corres- 
ponding section of the conjugate structure is up. 
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(5) Tho conjugate structure, under tr.e action of the 
roftl structure flexural strains as loads and the reactions 
oT tne conjugate structure, nunt satisfy three equilibrium 
condition equations, specifically: 

ZU X 3 0 

2V a 0 

%V m 0 

(8) The shear at any section of the conjugate structure 
is the slope of the corresponding section of the real struc- 
ture. 

(7) m ‘ o internal eioajemt on any soction of the conjugate 
structure is the deflection of the corresponding section of 
the real structure in « direction perpendicular to the lever 
ar - used to find any particular raoaont. 

(8) The and of tho conjugate structure corresponding 
to the end of the real structure which suffers deflection 
always has a fixed support. 

(h) If the aoment nt any auction of the conjugate struc- 
ture results in tension on tho top fiber, tho vertical de- 
flection at the corresponding auction of the real structure 
is down arm the horiaontal deflection is such as to shorten 
tho horizontal projection of tm> distance between given 
points in t‘ e real structure. 

(10) If a section bo passed Uirougk any point of tne 
conjugate structure and if tno portion of tho conjugate 
structure to ti.o ri.v»t of the section tends to taove up. 
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with respect to tie port on th© left of the section, than 

tho rotation of the corresponding aoction of the real ntrue- 

1 

turo is eloeitwl s© . 

It should bo pointed out that in this thesis an elastic 
area, wnono width fat &i?y point is l/nl for fci.e corresponding 
section of the real structure, built up arid loaded with 

an intensity equal to the osaant fat tno corroaponding section 
on tue cut buck structure. The product of tno load intensity 
*• and t!.*f differential clastic a roe da/di ^.ives tno differen- 
tial elastic loftd on lonjtn ds of tno conjugate structure* 

This method provides for & better pictorial representation 
of t:o integration for the non-prisnatie arch since wo do 
not have to Modify the load intensity by l/nl. 

riAdo u ,...j ‘:..h f.iwid.? ui . 

By locating the centroid ( called the Kimtral Point) of 
tne elastic area, c an t i 1 o ve r in £ the nreb out from tr.e 
end, arid connect! r./, the Neutral Point Oi.i'.) to the left end 
by a weightless rigid biracket, wo can obtain the deflections 
& vv» ^hh» nn by an ply In j individually a 1 kip 

vertical fore®, a 1 kip horizontal force, and a 1 foot kip 
couple at the ft.P. a can also evaluate, by principles of the 
conjugate structure method, the deflections AlU AV a hi £ 

«t the IT* P • as caused by 6 1 kip vertical load placed at arty 
point on the arch* 

fro \ t.io theories of the • eutral Point -ethod, tbo re«c* 
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J. htorlin.j /JLnney, August ld49 
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tions at the t. P. caused by tho rod kip vertical load on 
the arch arc 
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Should tho valuo or n reaction corio out negative, this 
indicates that the direction of tho reaction is opposite to 
the direction of the corresponding unit 2'orc© or couple 
applied ut the ?»•?* 

I3y applying the reactions at the «.P. and using tuo sign 
convention shown below: 



Cr-((?-y)J 



«1 = 'o(§) - hot “ ^Hf>] f r o 

i . Vo(§) - i: Q [r - (B-y)] l r e + ?(§ - x lp ) 

A positive valuo of tntrtent indicates tension on into 
top of tuo arch. 

The value of y for a prismatic arch - ItS/E. 

The value of y for a non-prleesatie arch - k c l . l .. /|Ldi£ i 
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To avoid repetition, the procedure Tor the determination 
of thosts factors is explained on following pa -os a Ion.; with 
the development of the formulas for their values. 

Sample calculations for the determination of the fixed 
end moments, vortical shear, hcrisont&l reactions, carry-over 
factor, absolute stiffness and reactions due to spread are 
shown for prismatic arches in Appendix **a w , and for non- 
prismatic arches in Appendix **S M . 

Tabulated results, with all values expressed in terns 
of the span length in foot, nro shown on p&^ee 56 and 57 
for pritcuitic arches and on pa tJ os 65 an*d 66 for non- 
prismatic arch© s. 
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‘fOCia/'t .ji.fi *jr»u^i 



V t > 

* ■-* x J > 



Loaded 

0<r-njn. at . struct tiro 




= g K° - ( a l.-,~ ) ( oo . e jj * 
r R 3 EL - __(R-r>| a h [Xr - C(R-r)] 
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IV. THE DET SRMIKATION OF DEFLECT I OKS AT THE NEUTRAL 
POINT Ct.P.) CAUSED BY A 1 KIP. VERTICAL LOAD 
ACTING ON THE ARCH *T A POINT THAT IS HORIZONTAL 




A) DE’iE.lMIIiATIOK OF VERTICAL DEFLECTION AT N.P, 
'S«ds(x) 

^ 1 r, 
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U M t 



:a 



El Av «/ tRflno - X lc )(Fd©)(Rain^) 



r iP 
. k 



rk 



s /a G (sin 2 w)d« -/ R 2 (X lp ) (sine)dO 

A P ^ip _ A 

- p3 6 - { slnfl) ( cose) I | R 2 (Xx~,) fcos&l 

^ 8 J ^lp X " L J$ lp 

* ^[IrlsTrV 1 3 [° 1 P- Ci"* lp )«~.* lp !]* 

- R 2 (X lp )(cos<5 lp ) 

- ^ |LR - S{R-r)J - | 5 ^ lp -(sin© lp ) {cos« lp )j f R(X lp ).{R-r) 

- R 2 (X lp )(cose ln ) 



lp 



(B) JLTEKHIIUTICN of horizontal deflection at n.p. 

Ah : [ k Mds (y) 

4 i D si 

El Ah ~f “ X lp ) RdQ (Rcoc€» - ?) 

/A /A -A 

= / Fr(ein©)( eosfi)d$ - / P 2 (y ) ( sin$)d$ -j R 2 (X 1 d ) f eos 3 )d$ 

y « i? - / «i P «ip 

j/ A R(?}<Xxp)d« 

"*lp | 
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;.vr, r •? »- .p. { cont» d) 

s fi s j £l . nggj + f? 3 {y) jeos<?j* - R s (X lp ) + R<?)U lp )£eJJ 



lp w J ~lp w ~lp J ^lp 

5rs is ^3, . o 
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i hi 




|"( s lnZs lp ) ♦ **(£2><lf£> - R B dg)0D»e lp . R i! (i lp )(|.) 

4 R*-(Xlp) ( oina^p) + H(^i) (Xj^p) (^) - ( ^lp)*xp 

= f 2 - ^(»A P ) ♦ ^(R-r) - ^(ooMj.) - M«l P )« 

L L 1 2 
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8 7, 

• ¥'- Si^Ei"* £*<*-*> - £*««•*> + *(»!,)• - Ca(Xlp)s Ip 



• ¥ * § 5 (^£) a f 2|2<R-r) - Sj&oo.^p, • «*U u> )<i^> - ^l ( x lp)Slp 



= e * ♦ 4=p< H - r > - il&eM^p) - £^(x lp )« 1? 



L 



(C) >. T ?lu ii... . ' ■ „.. i^*,, *.,i ... a.p. 

-A 



*9 Z 



**ip 



’da 

" r li 



e y '(H8ind - x. lp .}r;d- 
-lp 

-A 



(s.In^)d** •• ( ^lp ) 

■^lp -4, 

p -i ^ r -i 
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v- ** + cos ^lp) - ( ^p)I» if. P(X^p)^p 
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(I) th i i> T \i' XMtm-H 21 L ■■ -* >"1am..- -.jl ■.■• ,*..n?o 

Considering the assumed directions :>f t: o reactions at 
t.‘« h . ? . on Pu-e 9 . 



r ( + )V 0 (|) - F 0 jr - (R-yjJ * M Q 
W' o<§> " Ho[r * ^ ”ir)J * vo 

i 8 determined bj writing rodents about tn« ri^yit end . 

A positive value of *oT^o:it indicates tension on the top of 
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.'rent Pa. ,o 14 it is s on the t H at any point due to a 
1 ; load on the Arch m (PsIhG - A^p) 



‘or 


Arch 


2, 


tt « * 


Ko»in^ 

M 


~ gsin^j p * 


For 


Arch 


i , 


3S 

t-* 

II 


H^ninh 


— t?!»in«*!p » 
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• • 


J2 , 

T T" "** 




- £2 


or 


«£ = 




i 




“i 




*»1 



TJoto: .'ho above l • s are nogaont intensities acting on areas 

a a, or the nommt oxistii%g at the corresponding soc- 

tion of t i« cut bee structure, ds t r X d5 t 

5 t 



?ho ...lastic Loads —li£ vary ns (_£) 
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By the «— reasoning ( & vv )g as cause d b> 1 kip vertical 
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l .\ iAV)p ( ^V)l( " 5U 

Hence = ~(£vv)a - T c v v ) i ^ ' 

A (.)TS7T7~ 

SVJl 

By siailitr reasoning (H 0 )g s ^o^l 

Thus under the action of sirollarly placed equal loads, the 
vortical and horizontal reactions »t('i.P.)x are the saxe as 



those at ( ! *.r.)o, 
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non aa arch i« cut at the left springing 
forces ii.ro applied, as shown below, deflections 
springing ’"ill b® as follows: 
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Ftot. tr? figure belo*. the right sidefof the above equations 
are integrated such that 21<( vv and aro S-xpressed in t cm3 

cf n iso, Span, Radius and Arch length. 
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Since t 'o carry-over factor is equal numerically to the 



rtonont induced at the fixed end of a tsoisbar wnon a unit :no.a©nt 
is applied at tu« nln^od end, the carry-over factor for the 
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the carry-over facto? ti^ea ' a . 
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Taxing cooonts at the fixed end 
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.,1 thou:’ a the tern 2? a no os not appear In the nonemt 
equation above, this thrust eust be considered in the 
solution of un renod Sent by moment distribution since 
©very titxj a Joint Is rots tod and the Moments balanced 
out at tne joint, the horizontal restraining force at 
the ends of the area resulting frosa the applied isa .ants 
ssuet be determined, dy keeping a record of the applied 
moments, tne K. :.F. may bo doterninea by H a s a* 
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Since tao deflection condition equations (1), (2) 
ana (5) tiro applicable to an arch of any span. It la 
rjocee-aary only to determine how the various deflections 
vary with span in order to find the relationship between 
carry-over factor and span. 

^rom the fact that arches of the aet-e Flee to Span 
ratio arc similar as previously proved, the deflection* 
for an arch of Span Sg are written in terms of the 
deflections of an arch of Pp&n 
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inco tao abaoluto stiffness in defined as the moment 
required to produce unit rotation {1 radian) of the ninged 
end of a member whose fur end is rigidly fixed, tne abso- 
lute stiffness for the arch nay he obtained by sotting a 
of equation (8) equal to 1, and aubstit itin; tno values of 
V ft and H ft in terms of * a (previously determined} in toe 
rirht aid© of t.u© equation, hy solving the resulting 
equation for '<# a , fchs absolute stiffness ie determined. 
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very vortical loaa placed on an arch produces a ten- 
dency fot U.e arch to spread. .dLnce trie column ne-.Dars of 
an arched bent do not have infinite stiffness, o definite 
spreading of the arch will occur under the load. This 
spread oust be taken Into consideration when solving an 
an arched bent by moment distribution. 

?o determine the reactions in terms of spread, we 
subject the left end of the aren to a spread of AH feet 
( allowing no vortical or rotational deflection of that and) 
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DERIVATIONS FOR FIXED END MOMENT, THRUST 
FuP A NON -PRISMATIC CIRCULhR ARCH, Tilt, I 
BEING EQl«L TO THE I AT THE CKO AN (I e ) T 



, AN 0 clirlaR 
/tT a MV POINT 
IMES THE SECANT 



OF THE ANGLE FORMED BY h TaNGEK? TO TILE 
TEE a RCH n? THE POINT IN QUESTION AND A 



CENTERLINE OF 
LINE PARALLEL 



TO I LIE SPRINGING LINK. 



I. Radius in terms of Rise and Span 
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IV. DETERMINATION 0? DEFLECTIONS AT THE NEUTRAL POINT U.P.) 
CAUSED BY A 1 ICEP VERTICAL LCAw ACTING ON THE ARCH AT a 
POINT THAT IS HORIZONTAL i 7 STANCE X ± TO THE RIGHT OF 
THE CROvTi . 




Ei c &V ~j \H 3 iR©-JC lp )(||| 5 )(R 8 in o)-y (RsJnO-;: lp )Rcoo©d»(Rcine) 



-Ip 

-A 



' R?sin 2 ©cos9d© - j R 2 ( Xj^p) sinecosfid© 
/c >ip y °lp 



-34- 






- h 2 (x 1P ter 

L «■- J- 



Ip “ " *lp 

“ Z <FT> 3 * f(«i^ “ f (Xlp)(fe) 2 # ! fi4lj>2(«ln^ lp ) 

E 

Sine# ainft^p « ^ip wo write the above as 

= 24 ~ ir ( ., x ,lair. 4 - « (ilH ) 2 

y g rt 



.,3 , ,3 



* f* - Lhjsl - uip?^ * u Xp ) 

5 b 2* n ' 



* i£ f (*lp> g - (XlcKf 
fci Lt 

(B) . ? -s irrTi^tv .? -■ .i';i^>r<?..u i> .pi-.i-ti,,- w r «.p. 

-A r /" lii£(y) 
y «lp 11 

EI c Ah « / (r sinQ-., X p) £‘ .. ffi, r (ncosd-J) » /* (l\«lnw-A X p)Hto*8( cos«-*)d© 
^ a ' ,c '’ *'*ip 



'*ip 

* 



/* f) / r > /* 

s / ;• ca»*”9aln9d0 - / R y«i»®€o»Msto -/ 2 ( Xi r )cos 2 Wdw 

^lp ^ip ^lp 

>»A 

4- / !(y ) (X X p)cos9fid 

•^IP 

• . ,« (>1 ^anina e e a ? , 

L Jfri l " Jq l -L 



- f 



lp 

f ? (y)(^lp}jsinaj 

- cos' 



^lp 



->l - °°»X] - • nP[i:> 8 - rln8a ipl 

+ hlLhj^ l p* oln9 lr co r-s-J 4- *(J)U lp ) J(jr~) - 

nSos 5 « lp - 111/* ££iH(Sa) 8 - 

^ Ij b H 4 



F 



t 

\ { 



L J 



r, 1 

j 






( ) 









( ) 









ai : ♦ ^ 



E?« - » » 



►4 ii 4 









a.. 






Ill 






\ 






V 









\ 






.V 



\’ ^ 

V * 

> * kW.3 

V 






\ 

I w 

! : - .1 - |i_:t 



• I # 









^ 4 ) ■ Y ■ • 4 



K*“ 

»;•. - 

[ 

[ 



v]- 



1 # i 



i • - * 

L J 

•T» ♦ [ • 

Ll J • 1 L& il 



r '1 ■ 

[.-••■ • - J : 









j 



- s 4 — - s 



-55- 



f [oipfalnUipOoa^^ + - K(T)U lp )(%&) 

EI c Z\ii s liig£i 3 - 1 ll£ * ( 7)(xip) 8 - (Kip) » (7 )(a 1p )3 . Cf )(*Jt 

f §coA lp * r 2 ( Xjlr). p l BlnOi pcoafrj 

binco y s 'JlJk id •~ r -} we write tae above «a 
% «-* ^ 

<u. 

m£ i (?) (Xio) 3 - (x 1t ,)(»)(as) CM >■!■,) . (T )( f 

° ° 2 4 2 y 

*■ fco. s 9 lp f J^iiiii[-i,,tBin« lpC o t .i5 1 ^] 

. <«j£) j ♦ |* oo^lp ♦ ■ : i^rd |a 1 * ! ,lnS lf ,co^ 1 j 

(C) &'.? 1'ITUTi .,; -H 1 :»JuiaI! ..Jr-L ,vTi » iu 1 .K 

q - f r<is 

j'^ il 

"IP 

(Hal nQ - X Ip ) - /* (Hs In*? - v ^p).>G02w'dd 

Q 1P ' *' G lp 



IP 

r 11 o /* A 

= J I! , *'nln©eos 9 d 0 -j l( 

•'6-t •4i,„ 



( ) coawdQ 



«XP 

* tt pln“*©l - *?(X^ 0 ) fcinsj 

^ Ji, lp * L ^lp 

* I* ■- a ‘«ij] - a <*ip>[tjr - ,l -" e i P ] 

. i. «(•.! 

* 5 - l % d V Ujp ! 8 

** *£ 



» #’+ ^lp) - Uip> 
2 2 






i 







{ j ) v:,., r.c , .tip. / ;T *.f. 



f * v 

} o * { h — 
dvv 

•d 



**0 



r <-)Aa 

i ith 



s (-)-SL 






v o a 



£ f < V - <*1d> 

\ 04 — — rr— — 

- ; A b <3 



,2 



.0 



15 



H . # iirf* 



(jr>* - + yJ 



o - 



, , if* iiiaf- !*i P ) a 

( - ) t> « - 



(A) r j.«rr . .m>.i ’ lot ?* r, ..jo ro ..«?s 



'•{ = v o| -:’„(r-(n-y]] * io 
Jo to: J? a tH 4 > tlillzL ) 



f 

K* Is determined by vrritir.j? aaosaants about the rljptt end. 

A positiv* value of ::,ouent Indicates tension on the top 



of tu» arch. 
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similar on Fare 17 . The wmmm% 
loads have h .on proved to varj as 



ratio have bean proved 
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—It. Those relatioxjships 



hold for the non-prlmaatic arch t.s well ae for toe prisnatlc 
since t e working lino of oacn is an mtc of a circle. 
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Since fcho aoaent Intensities vary as Z£. m*d the areas 

-1 

on w.hica these intensities act vary as the loads 

O "i 

(liiljL ) vary as Tn« vertical and uorlsontal deflections 

UI c «ec« si 

at tne K»P, caused by a load at any point on the arch conse- 
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quontly will vary as (~-h) . 
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Since the vortical and horizontal reactions at tke . . P. 
of any area are cruel to the 'Quotient of linear deflections, 
then the V a and I Q will ho iswiepondent of span. Air a » ore 
rigid proof of thl # , nee P&^o 18 • 
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(«o’» vary directly ns span) 



having proved that the vertical and horizontal reactions 
at the X.P. arc Independent of span, and Ui&t the anwenfc 
reaction is directly proportional to span, we find by taking 
moments at the left end of the area that the fixed end 
ssacmnt varies directly as the span. Tnio proof is identical 



with that found on huge 19 
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VI 
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Cutting t,.o arc t at tho left ja^ri rising and applying 



redundant® .^ a , V a and II a at that point, the deflections 
at the left end will bo as follows: 

AV a u S va ^ a ^ ' a ^vh 

AH r r £ hr. ^ a^hv ^ ' a^hh 

' » w s a^ftra ^ a^£)v ^ a^ Oh 

qy multiplying botn sides of equations (1), (f } end 
(3) by ;i c , those equations ta>ca the few: 

(4) :i c AV z ^ '’a^ ' ^ <Vh' 

(5) n’I c AH« »*( BI cSiwi> # V a (:lI c S hv ) • 

(b) n c p - H a (;-:i c o(^) * v a {iii c cx , e7 ) f i a (U c <x' mi ) 

Pron tr>> theories cf virtual work and Maxwell’s Law 
of Reciprocal ^oflection-e: 

(he far to Pa,~e 21 for x and j values) 

•I^to = Stf'ov »/’— gff (| * B»ln«)e»s#:dS 
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To obtain the carry-over factor wa xilrifo t..« arc * at 
tho loft ami, sot equations (4) and (b) equal to tore and 
solve tfixultanaouRly for V u and f a in tor, ..a of a . I nen 
by takln.; wmcr.ts at tnc fixe i oid, ‘ y, can be expressed as 
the earry-o ver factor times f a . 

The reaul tin equations for V fi and ” a 

V a 3 V’a 

! *a * 

will bo t: e ra,..a as those for t.*o prismatic arch found on 
Pajqo 22 . V© numerical value a of tin and will bo 
different duo to to© difference In the values of tie 
deflections, hence for the non-prlematic arc i, we write 

v a 3 5 2^a 

'•* * fj l 

taking moments »t the fixed end 
% = v n ^ V a f 

s ‘a + ( ao* ) s (1 + I*g* v*)V & 

.’.Too Carry-wver factor ■ (-)(! 4* fig'H) 



VI. (a) a 
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a fr>u i. J. fc s 

1 *i.mJ . 
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Prismatic .*rc ^os of any span length, having the sa&e 
rise/ span ratio nave noon proved to b.« similar. .l‘ue non- 



prismatic arenes of tne sumo rise/ span ratio arc also 
similar since aocQ Is the sane for the corresponding 
points on the arches. fine© tho similarity holds for 
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non-pri erratic arches tl*o deflections for non-prip.ua tic srchos 
will vary with span in the sasae ratio as do tne deflections 
for i,.w pr i arm tic arci* ( ; oo fag o S4 }. 
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Tiro Carrj-hvor factor for ,• rch ° - (-)(! 4 - wnich 

is the sau© as the G.r./. for i rch.l* 

Oarrn -flrer factor for arches of ssmo .ico/Span ratio 
La Independent of span. 
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T«o ©qua t. ion for the absolute stiff nous of trio non- 
prlsn&tlc arc;, would take the so w foria as the equation on 
Page j>5 for tae prisnatie arc: . ?u© minetrical value of 

.>3 would be different ana t,.o . for the non- prismatic would 
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bo expressed as the X at tho crown, I c . 

Kanco for the absolute stiffness of t »o nsn-priasuttlc 

orch 

3 • Absolute .tiffness 
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3 Inc a tho deflections for t ; t@ non-prismtic arch vary 
-ith opun in t< e s&ae ratio a© do tne deflections for tie 
prie ©tic arch, tho equation for the absolute stiffness for 
. rc .4 2 frit tan in Lama of the absolute at iff near for *rch 1 
is in forts tho same ass t: i«a aquation on Fa w © 26 • 




/.absolute Stiffness varies Inversely as th* span. 
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Toe equation for V a and ;? a in torsia cf T a , for fcr.o non- 
pri sraatlc arco. tss»e fcn® saue fora as those e-uiations found 
on P&yo 22 . 

6y substituting the values of the deflections in the 
numerator of lute equation for V fc we prove that V a - 0 for 
the ram-pri static arc, also. 
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Since V a = 0, tho equation* for ?.' a , and H a In terms of 
spread An win take the sasso fora as the equations on 
Pages 27M* 

Modified for the non-priciautlc arch, tho aquations are: 

a • £££.% 

^4 

„ e^H 
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Mnco the deflections for the non-pri static arch vary 
with span in toe same ratio as do the deflections for the 
prle-mtio arch, the equations for t and H for / rch 8 

IB. B 

written in fceraa of their values for /.rch 1 are 



&a the square of tne span* 
as fcho cube of the span. 
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f l a varies inversely 
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In tM« thesis, vm have presented data in botrs curve 
und tabular Corn thet will enable an engineer to 'oivo any 
circular arched tent, fcha arched -r»uber of whlcn 

(a) tts a rlee/span ratio between 0.04 and 0.40, 

(b) is of constant S’Ot*t»aC of Inertia, or, 

(c) is of varying aso-.cnt of inertia, provided t; e to. . nt 
of Inertia at any point is equal to bn* n 2 n nt the 
crown tines the secant of the an. *le for* ted by c 

tan cent to tue center line of u.e arch at ins point 
in quo nt Lon and a line parallel to uae aprin^in- line. 

^Pixed-end-wo^ent" influence lines nave been plotted 
by using cfc* ssesaonts as caused by coacontrated. loads, ily 
taking a suwaantion of the ordinates of the influence lines, 
coefficients navo been determined for formulas expressing 
the fixed-end-. :ovt«nt as caused b; o conploto und fern .load; 
therefore, trie arches s say be solved for either concentrated 
or uni fern loads. 

Should the designer desire t a# required factors to « 
decree cf accuracy < roster than Is available fro-i hue curves, 
exact font ul as taut will yield tue factors are provided, a 
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cov.plcto solution fc.r all factors can bo obtained. b; knowing 
r (the riao in ft.), 3 (tho span in ft.), and (the norl- 

sontal U stance fro*.: the crown to the point of application 
of ouca load.) All formal an ax-e baaed on loading to the 
right af ti.o crown. 

as a result of this investigation, the following x v ela- 
tionships warn provod; 

For the priesaatlc arenas having the saao rise/ span ratio : 

(!) The cheat' and thrust are constant for all spans. 

(?) Tna ?. ..M. is directly proportional to span. 

(3) . he carry-ovar factor is constant for all spines. 

(4) The absolute stiffness varies inversely &a the span. 

For the ncm-prl sxnatlc arches ravin - t^e area rise/ span r<itlo ; 

(1) The shear and thrust are constant for all spans. 

(f) Tie f.J.M. is directly proportional to span. 

(3) The carry-over factor is constant for all spans. 

(4) Tf.» absolute stiffness varies inversely as t ic span. 

fox' the ^on-prlsaatic arches regard leas <f rlse/apan ratio i 

(1) The shear is constant. 

Frer the two proble.-ss illustrating the application of 
th® rr.otnou, it is evident tnat with the required factors 
available, t xe engineer can solve a circular arened bent in 
practlcully the sane tine t hst he would need ixi solving a 
recfc&n pxlar bent. 

1 thou .vi wo navs United our application to a single 
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btjnt, tf,» factors supplied in this tmesis csn bo of par- 
ticular advent* :« in extending the Application of the 
sewer, fc distribution »»taod to a series of continuous arc 
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Tabulation of faults for Prisrantic .rch 



HI so/hpan 



Absolute . tiffnosn 



Carry -over i’actor 



0*04 


9.000755 i.l/L 


(-) .3391362 


0.00 


9. 834329 ;i/3 


(-) .3406277 


0.20 


7.095809 U/a 


(-) . 3448530 


0.50 


6.031018 01/5 


(-) .3777210 


0.40 


5.501000 ,1/0 


{-) .4140421 


nth 


Joint a fro® to rotate, a: 


id m 'jiQtamnt of v ft.klps 

«% 


applied at 


A, the following fi.irusta 


and s.nours are induced 


at A. 






Rlse/'ipan 


Threat { 'Jp. r ) 


Vertical ‘.hear (MTS) 


0.04 


SO. 937421 * c/3 


.6806538 M a /,i 


0.013 


10.493726 ? a /0 


.6593723 ,'. a / 


0.20 


4.216709 fy,i 


.6511470 7 a/s 


0.50 


2.089501 *«a/3 


.6222’/’ 90 U } >/5 


0.40 


f. 240640 a/r, 


.5861579 M a /S 


'• r ! ten 


a spread of AH feat occurs, the following 


nao.'ftntu, sneers and thrusts occur. 




p 1 so/ Span 


Thrust CuP.v] 


» r om«?ut (Ft.KiPo) fhoar 


0.04 


7084.9449 W 4,1 /S® 


{ - } 188 . 84038 / (X A t s/ S 2 0 


0.00 


1740.5620 81 AH/sf 


<-) 32.677 96 SI A si/ S 2 0 


0.20 


245.0247 a Ah/O 0 


(-} 32.4o804 51 All/S 2 0 


0.30 


97.8593 .1 AH/O* 


(-) 19.16094 SI Al.i/S* 


0.40 


48.5644 il Au/3* 


{-} 12.52766 151 AJl/3 8 0 








m> v| u rui 41 •« »• • 







«** •>-» #fu 4 •» > 















- 58 - 




60 




61 




- 62 - 
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■ XOL C . V »•>'.». I V > to > v*A M .'US«i lUi, ?lTiL 

n) ' 5 A U«x 1 *^1 .< . /* 

RiM/f'ptfi « 0.04 



Load 8© . (Loft) Po-3 (Hi jut) V (Left) . (Thrust) 

foint rt.iafft /t.yu'5 



1 


♦,060585 


S 


-.011415 


<1 

O 


.972000 


.764589 


ft 


♦ . 063069 


s 


-.032931 


r* 

s 


.836000 


2.431739 


0 


♦.035353 


<» 


-.043147 


5 


.704000 


4.168677 


4 


-. 0009^2 


3 


- • 0489ft? 


C* 

*,,» 


.540000 


5. 4270 20 


C) 


-.038445 




-.038446 


m 

u 


.500000 


5 .896071 




Ri*®/Lpan « 0. 


08 










X 


♦.05 15 04 


S 


-.010435 




.978000 


. 362530 


ft 


♦.063975 


s 


-.032075 


*■ 


.836000 


1.194386 


3 


♦,035576 


s 


-.040485 


2 


.75 1000 


2.073643 


4 


-.000346 


M 


-.049346 


4J 


. 643000 


ft. 702132 


5 


-.031006 


* 


— .OolSOS 


s 


.500000 


ft. 921515 




ftise/ JJpan * 0. 


20 










1 


♦.056325 


8 


-.015175 


r* 


.372000 


.173861 


2 


♦.055210 


n 


-.040790 


5 


.896000 


.528903 


*K 
v / 


♦.033023 


3 


-.060077 


c 

t 


.784000 


.8948*7 


4 


-.015405 


» 


- .063405 


« 


.548000 


1.153264 


5 


-.047440 


s 


-.047443 


8 


.500000 


1.253049 




Hi ec/;;r>an - 0. 


30 










1 


♦.055303 


f> 


-.016637 


3 


.372000 


.120171 


2 


♦.051507 


s 


-.044413 


i-i 


.096000 


.357347 


3 


♦.019117 


* ? 


-.054804 




.784000 


. 598080 


4 


-.0204 .92 


*_» 


-.058402 


£ 


.648000 


.769252 


5 


-.052644 


*5 


-.058644 


3 


.500000 


.830750 




‘ Is©/? pan - 0. 


40 










1 


+.052004 


3 


-.010016 


S 


.072000 


.096960 


ft 


♦.042737 


3 


— * 055263 




.893000 


. 285925 


3 


♦.005919 


S 


-.078001 


:c 


.784000 


.473109 


4 


-.036356 


8 


— . 004350 


ss 


.640000 


.604616 


r> 


«• • OS Q 38 <5 


ft 


-.0693: 5 


**> 


.500000 


.8.31358 
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Tabulation of Kosnlta Tor on-Pria Arcl 



HI so/3;>nn 



0.04 

0.08 

0.20 

0.80 

0.40 



Abgcli-vte ^tlffneao 

9.061018 ile/% 
0.062642 vie/. 
9.079728 XI C /A 
IQ * 00 vOpo 8 1 (*/ l 
it. *5037 6 SlJ/3 



tarry-over t actor 

(-) .3371054 
(-) .3375414 
(-) .3026 94Kl 
(-) .4336514 
(-) ,514104o 



•Jith Joint a free to rotuto, and a nonent of * a ft. Kips 
applied at the following thrusts and snears are induced 



at a . 



R 1 «e/r.pan 



Thrust ( Kl ?*> ) 



Vortical ;>hear ( Kl f - < ) 



0.04 
0.08 
0.80 
u . v *0 
0.40 



20.900806 KX c » a /iJ 
10.421882 £I c 7 a A 
4.324337 CI c »g R /f 
2.016752 K1 C H«/.. 
2,267353 Sl^a/S 



.6628046 '*51 0 > Jz 
. 60 205 L 6 aI , ,^/d 
.6073018 i c ' 
.5644406 61 e '«/0 
.4858158 8I C *ft/8 



'.ion n aprnad of AH feet occurs, t no following 
asoswmta, shears and thruots occur. 



Rico/ Span 

0.04 

0.08 

0.20 

0.30 

0.40 



Thrust (KI?8) 

7005 . 0562 5l e AH/g* 
17*1.6736 ElJ^l/sJ 
310.4568 KI e AK/»J 
144.9030 :i c Ah/S° 
03.9050 2 I c A:'/53 



froamnt (Pfc. -.IK*) .y u;mr 

{-) 189.17764 11 C AH/:: 2 0 
(-) 94.44436 31 e A*/3* 0 
{-) 42.72351? GIjjM/a 8 0 
(-) 31.00462 0 

(-) 28.00266 ;,I c A?/8 2 0 
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I fc 
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K ^4 






M M 




ft 
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Ri»e 

31 so 
* pan 



= 4» 

« 4 

Tiff 



• .3 



Frots Curves* ® ( - ) .0465 * X01&30 » ( — ) ^.50 1 t. s. 

* (4) .0506 x 10 x 20 s (45 0.1- ft.k. 

i’ b - .sao x jjo 8 " .f‘ »- 

r? c = . 190 x,lQ s 8.5 -* 

With a poaitlvo axamnt indicating tension on the top of saoiabar. 
In -cnent distribution a Moseat tout tenue to rotate the Joint 
clocitsrise is considered. poaitlvo, therefor® 

* (~) 9. 30 ft. k. *<J b s (-) «.1C ft.k. 

Tha absolute iliffntMS frorv pst&» 5/ is 7 . 69M> t=* r .53470 tl 
too .5348 St 

The carry owr factor is (~) .5433 

Tins absolute stiffness of tie prlsnntic column raeubers Is 
s .3 ;I and too curry over factor is 



4 S»I _ O *T 



(4 J&CK). 
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rtssu *1^5 rotation of the joints only, solve for tho 
consents &t all joints by •o^ont distribution. 



Joint 




a 






n 

V 






KsiaHer 


AS 


BA 


BC 




c§ 


CO 


X 


K 


.2 


.? 


,£ft* 


da Lad cjn»G 


. 33 lj S 


.? 


.2 




0 


O’o 




l» J+.J 1 i’L 


.698 


• 3 >»p 


0 


ZJC 
















CO? 




.*5 


-. 3^9 


-. 3^9 


-. 3^9 


+ .<3 


G 








- 9.30 




-6.12 








+1.59 


+ 3.18 


+'6.1 9 


+6.12 


-0.lt. 












-1.90 


•*5 . lit 


+9.HH 


+2.M 


+ I.H1 




+ 0.33 


+ 0.65 


+!.£> 


+ 1.25 


—0. H*t 












- 0.50 


+0.29 


+o.m 


+0.1»> 


+ .0* 




+0.02 


+0.03 


+ 0.07 


+ 0.07 


-0.02 














+0.01 


+0.01 


+0.01 




Hr, 


♦1.9% 


+ 3.86 


~ 3 .f 6 




r*.m . 


♦2,9? 


♦1.H0 


Bal 
















?»* 








+7.CH +5,74 









a record of the balancing r„sxnents token by the arch nust 
bfs kept In order that the horizontal restraining force at trie 
ends >f the arched taetaber as*y bo determined. Ihe aa^nitude 
of this restraining' force depend r. on toe properties of tne 
arch under consideration. 

The required horizontal rsstr&inin forces at toe ends 



of the arch are tn.de up of t..c following t.o«ipon*nfc» 
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(1) That force aacaasar, to restrain tno horizontal 
thrust at t.ne ante of too arch cauited by a loou on 
t.io area oi* euj sect b$ the tendency of the arch to 
spread. 

(2) 'that force necessary to restrain the horizontal 
trsruet at tho ends of the arch as caused by the 
balancing aosionts. 

(3) Taut force necessary to balance tne shears in 
the column aoaber a . 

(4) That force necessary to prevent sides way when 
& horizontal load Is allied to the bent. 

b'ainn the sign convention of saoawnfc distribution, a 
positive balancing noraent at toe loft springing causes hori- 
zontal restrainin ' forces at t..e two ond* of tn« arch acting 
in directions sway from e»o , other* a positive balancing 
nomerit at t :o right springing causes ogual horizontal 



restraining forces acting in directions toward each other* 



t*\m buHT 



The artificial joint restraints (nJB) required to pro- 



vent the original bent 


frora deflecting duo to a.ldesway 


or 


spread ore equal to tno 


horizontal restraining; forcos 


at the 


ends of the arch. (TI a 


4«31Sttt c .21004 See Page 57) 


H3H Caused by: 


!SU?S 4 . 


f JW 

T* 


(a) Load on arch 


<4)B.30 


£ 

(-J0.20 


(b) d&lanein, r o’aant at 






(-0.21084) (7.44) 


(->1.57 


(1)1.57 


(c) ^aleuclne 'o »se:it at 


C 




• 

iQ 

t|4 

s 

o 

r~f 

C4 

• 

o 

"w*- 


( 4 - )l.2l 


(- )1.81 


(d) Shear in caber Ah 






(1.64 4 5.06) 
20 


(4)0.20 




(e) Shear in ember CD 






(1.42 | 2.03) 




(4)0.22 


20 






(f) 2 Kip Lond at C 




(4)2.00 




AJH* ( 4 *) 5. 13 AJB r 


( *• } *> • CI2 



be t X u AJH resisting spread 
Let y ■ AJH re cist Inc aideomx 
then 



pcf y s £ .13 
X- y S 5.62 
R X « 13.75 

Xt 6.&75 k 
y » 1.255 k 

Xr 

Than the AJ2 S . ; required to resist spread « 6.675 - 

JLf 

kJR bC required to resist sides ay s 1.255 




and t't« 
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V 4 


It* 




4 * • 4 -*vJ »Ci • 
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• X r. 
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Ansurne a spread of lOOO/'I f©ot, allowing no joint rotation. 




The following reactions at the ends or the arch result 



fron the above spread of 1000* 

•vl 



Tram. Page $7 



- 245.0247 n X 1000 - 30.7201- 

0 s ( 20 )° ITT* 

2 30.7201 — 

F bc • (*>32.45204 SIAH s 32.45204 H x 1000 # (J.)01.1301 

(20) 2 ** 



"TT 



£ b = (*>01.130 



The above moments indicate tension on tno top side, hence 
for moment distribution al|>n conventions 

|<5 C * {*>01.1301 ft.lc. ff J b S (->81.1301 ft.k. 

The mo 'tents induced in the ends of the column members are 

equal to Cy jAl 

—p $ — 

L‘- 

S £-il „ ( 500 ) a 7.5 ft. kips 
( 20 ) *• hi 

and v.£ b - (.)7.6 = k£ 0 

”cd = .!*)’•* » 'So 
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Jolvln for igo* ants at tn e joints caused t o 

spread 



Joint 


A 


* 






C 




A ... 


Ve tber 


M 


1 *-* 


it 


8a *< C i>«i 


\*> j C)< ^ 




. v‘ 


\ 


o 

• «-v 


0.2 


0.5140 


«5~,i TO 


0.5- 4n 0.2 




• ' _ 




0 


0.342 


0.0 w8 




o.ou: 0.042 




__o 


t V 


0 


* 0.5 


-0.54b0 


-0.54 ■:) 


-0.5403+0.5 




0 


Rti*« 


- 7.30 


- 7.50 


+81.13 




-el. 13 + 7.50 


+ 


7 . 50 




-12.59 


-25. IB 


-4 '.'*.45 


-40.45 


+15.00 








+ 2.23 


1 4.45 


51*5.02 


+37.33 


+37.53 +10.40 


+ 


9.70 




+ 0.57 


+ a. 5? 


- TVOvT 












- o^ 


+ 1.07 


+ 1.07 + 1.07 


+ 


0.51 




+ 0.12 


+ 0.24 


+ 0.45 


+ 0.45 


- 0.16 














+ 0.11 


+ 0.11 + 0.05 


+ 


0.03 


sp 


-17.74 


-27.50 


127.5* 




-2^.97 +27.97 


+17.74 



it\ 1. 

o n s . -5?. 43 *3 .>,41 



?ho consistent joint force (CJf) repaired at > fend „ to 
*.«lnt»ln the assuraed spread nuafc equal tie i.orlaontai re- 
straini.i forces at i and C. 



HP/ Caused by: 




nRP It 


Al *r 


(1) .>praad In l«;#> arch 




-30.73 


+50.75 


(7) Balancing uo sent «t 
(0.21UK4) (39.43) 


joint b 


+ d.31 


— a • hi 


(3) falancin** .^o.-ent ft 
(0.21084) (39.41) 


joint o 


+ a . w x 


- 8.51 


(4) ohe*.r in ..caber tii 


17.74 + 27.39 


=45.75 _ p.pq 




(5) ftiear In we bor HC 


20 

17.74 + 2^.99 


20 


+ 2.73 


20 





CJ; R „ -lo.40 k 16.40 k 



IV ~ 



Sine© a consistent joint force of 16.40^ at each end of 

the nrch acting away from cacn otner will produce tne assumed 

spread of 1000 ft., and since an artificial joint restraint of 

?. I 

6.875 kips was required to restrain tho original structure 
from spreading under the action of the 10 kip vertical load, 
tho actual spread will cause moments at tno various joints 
equal to 



J, SP (m sd for 1000) 
cJVap ** -~J“ 



6.375 

lo'.Td 



h.< 



s 



. 4192 



"•sp 



SI *t\Y. 

Assume a sidesway of 1000 feet to the left. 

81 




Tho moments induced in tho column members as a result 



of the assumed si desway equals 

ILL » .looo . 15 fk. 

L 2 (20)* Cl 
« ( - ) 15 fk, 



-f 

ab 



15 fk, , = -15 fk., = " 15 rk 



1 

• • • . ; ' * ***** 

_— • - %• • i * « **•.*■• . . ; «J r 



. 




• * 1 
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folvia^ for trie ..oaents at tiio joints caused t>y tno 
as so» o d si do sway . 



"Joint 


A 


3 




C 




0 


•ember 


AB 


34 


3C 


C } 


C3 


JC 


K 


0.0 


0.0 


0.3843 


0.59*} 


0.2 


0.2 



BiiLnil C X h -Jr 

f • j * 

0 . 0 .34?! 0.630 ___ 0.650 0.34? 0 



COF 


0 4- 


0.5 


-1 


0.3489 




-0.3409 


-0.3489 4- 


0.5 


0 


PC 


-15.00 - 


15.00 












15.00 


-15.00 




4- 2.57 f 


5.13 


+ 


9.07 


4- 


9.87 


- 3.44 












- 


13 




4-12.15 


$12.13 $ 


6.31 


$ 3.16 




4- 0.73 f 


1.45 


i. 


2.7S 


4- 


2.78 


- 6.97 












- 


r\ < > ^ 




f 0.64 


4- 0.64 4- 


0.33 


$ 0.17 




4- 0.04 4- 


0.03 


$ 


0.14 


4- 


0.14 








i*ss 


-11.66 - 


0.34 


4- 


8.34 






4- 8.36 - 


8.3*3 


-11.67 


ial. 




















ions. 










41 


.2.79 4-12.77 









Thn consistent joint force ( CJF) required at 3 and C to 
nnintain t.ie assisted sides^a/ must equal tr.e horizontal re- 
st mini n r forces at 8 and t. 



-h 





HUP caused by: 




hfpl 




(1) 


balancing honont at Joint 3 
(0.21034) (12.79) 




{- )2.69 


( $)2.69 


(2) 


•Balancing dement at Joint C 
(0.21034) (12.77) 




{ 402.69 


( - ) 2. 69 


(3) 


3hear In ‘easbor f.B 11.6.6 $ 


5.34 


(-)l.OO 




20 






(4) 


-shear in -ember CL- 11.67 $ 


5.36 




(-)l.OO 




'20 










CJ? .e 


(-)1.00 k 


o 

0 

m 

1 



fine© a consistent joint fore© of 1.00 Kips r*t each end 
of *h« arch noting towmru. t .e Xw'fc will proauc© the a# -a rad 
sideeway of 1QQ0 foot, and nine© a , artificial joint restraint 

of 1.035 lips was required to prevtmt sldocwa,, in the original 
strt-cV.jr© filler the action of t..o 10 k vo'tlcal load, the 
actual eidoswny will cause wo»oj asats at tna various joints 
©1 xnl to 
nJH, 



l os 



cjy 



!SB 



^ ; oa - or ns z l.f55 3» as 

■•'I 1.00 



?A0'.iUTi.ot .* H .h.'L'Pn 



factor 


r ab 


ba 


he 


■ cb 


? -cd 


1 dc 


*T 


(4) 1.94 


(|) 3.86 


{-) 3.05 


(-) 2.00 


(4) 7.93 


(4) 1.49 


.4192 


sp (-)7.44 


{->11.73 


(4)11.73 


(->11.73 


(4)11.73 


(4) 7 • M 


1.265 '' as (->14.63 


(-510.47 


(4)10.47 


(4)10.49 


i-1 IfiiiSL 


i-ai^ 


Final 














Internal 












re. tents 


(- >20.13 


{ «• ) 10 a 54 


( 4 ) 1\* • b4 


( *• ) 4»e?‘ s 


( 4 ) 4.22 


{ «* ) o • 72 



r no. IS 4 11.1.54 
-a = — * 



« > < s 

*r*\J 



s 1.925 



£ <*C 



•d » *4)4.29 ( - ) 5.72 , ( - ) I. . 50 - #0 75 — 

20 20 

Cutting trie .ionfc at a 

Va C20} 4 70.13 - 60 - 40 s {-)5. 7g 

V a a (-)go.!3 4 CO 4- 40 (->0.75 ^ 74 . 15 a 3,7075 ] 

20 20 



Cutting toe "»rtt at 7; 

(-)V d fS0) 4. 5.72 - 40 f 140 8 (-} 20.13 



V d » (->20.13 - 140 4 4U - 5.72 „ { 

-)20 (->55 



-)1S.V»0S - 6.2925 t 
















kLh>< n 











• * < l»., > 







• . 



4l4 






**-” ♦- «** 







•* l«l J '4 It •.• I«* *».* l-t —+ U '•* * ■«• 

K • C*. '••<■ xoi<4 «.itlt> -r.Jit.l »•• • ■%+ *-t I. 



^■ui.t -XUi **<■ ,» I* - 







fM i-j • . <«r% M *. «P.iC H 




4 « ^ « \ 1 

















nPPLICA *!■:>?« V i.* 



aTiC : 1 x’AT 



FOR A :<0!i-nua WxTIC dxVT d x - I c sec<3) 

10 K 




The application of the method of moment distribution to 
tho non-prls^atic is the snrco as for the prisratic. rhis 
problG-n is worked primarily to suow the relative values of 
moments and reactions developed under the sarao loading on a 
bent whose r.ise to' span ratio and overall dimensions are the 
same as for the prismatic arch bent but whose I crown is equal 
to wOC ■*"px t i sfs&ti c *2X1.1 txpliod by cos^^ — X x • *'2415 

Prom Curves : 

bc 3 { - ) . 0601 x 10 k x 20* s { - ) 13*02 ft.k. 

s (f).0239 x 10 x 20 B (|)4. ?b ft.k. 

T? b s .9943 x in - 0.043 k — — 

U 0 r .8943 X 10 s 0.943 k— 

For ' oment bistribution Sign Convention 

£ c 3 (- )12.09 ft.k. ?£ b 3 ( - ) 4.78 ft.k. 

Aiaclute 'stiffness of: 

Arch ( Pa 10 66) 9.07973HI C « 3. 879 73 ( ,72415) M I - .35772 hi 

— 20 



Column enb or s 



4hl - 0.2 ttl 

L 









I ~ 









L'A_X 



1 j 






s 

o 



? w b 






■*►-4 

! 

d : 






i •• k >!>•',■ 

\« 4 > t i IB I I t_ * 1 • •» I l . w H 

_ 

B l ) T i f * If * Cl #fwi > I *3Ji 

!►% j ► • U •> * t 1# * if j • «• M V# 

. “ - *- . 






* ♦ * * 1 ^ 

* . ♦ w 

• 

*■*» % m 

«lttrr - 

* . *# • * • • » 



. 

* 






t,j[ -j .•! 



il«Mf • 



* 



• i 33 



* 
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Carry-over .'meter of: 

Arc (p*>, « 6C ) a (-}.of27 Col mmt< « b«r» - (4)0. 60 



Aanuninc* x*otatIon of joints 02 *ti» , 



Toint 


/a 


3 








8 






iJ 


Hosbor 


« a 


iu\ 


SC 






C 15 


Li a 




VV 


X 


0.2 


0.2 


.35b 






£}#w*>0 


0.2 




O ♦ £) 


K 

r: 


0 


0.3SL 


0.642 




2 , 


0.642 


0.312 




u 


CO? 


0 


_f CL*&_ 


-0.303 




-Q.3':0 


-0.3GS 


4 0.3 




Q ,, 


• * 

l Jt . wA 


4 2.15 


4 4,30 


-12.02 

4 7.72 4 


7.72 


- 4.70 

- o.c3 














— x«W7 




4 3.01 


4 5.01 


4 2.60 


4 


1 . 40 




4 0.30 


4 0.71 


4 1.20 


4 


1.20 


- 0.60 














-15.T5' 




4 0.32 


4 0.37 


4 0.10 


4 


0.00 




4 0.03 


4 0.03 


4 0.00 


4 


0.00 


- O.Ov 


















4 0.07 


4 0.07 


4 0.01 







X* 


4 2.54 4 5.06 - 5. 06 


- 2.0- 


1 4 2.70 4 1.40 


■>ai . 








‘ OB, 


4 3.06.4 6.35 


| 





?•«? «rtix*ici«.l joint rostrair. ts = dH/’ s; 

+ 





lifcf Caused b> : 


* 


- 


(1) 


Load oil / rch 


(4)6.94 


(-)0.34 


(2) 


0»lancin ; ’; 'oawmt at 1 ( .21622) ( 0 .06) 


(-)l.DQ 


(4)1.00 


(3) 


“nlancitv; ft OMont at C ( .71622) (5.o5) 


(4)1.10 


(-)I.IS 


(4) 


.esr in * 7 SLtiil, .£ Jir — 
20 


(4)0.30 




(5) 


r.b#«*r in CD 2,9: ‘ * 

20 




(4)0.72 


(6) 


2 xlp load at C 




(4)2.00 



(*)b.52 (-J0.3S 



Lot x a aJ'*. rosiatin; spread 
7 • 12 resisting sidee’aray 




y L f — * *,*> 

x • v> ! <U. 

x - y - 5.QS? 

£fx 3 14.44 

x 3 7.2 ' r a »J! r» Pistil spread (sp ) 
y « 1.3C)k» «XI resLstitv dJeewsy (ss) 



- 



I #1 



■4i & 






• l * «■ * 

- 






taUUn 









. 



* 







. 

! 1 . 4 

- » * . » • . 

« * 4 

‘ * 



, • • 



.. 4 









i • 






. 






- . • . i . • 

’ . > . ■ M * 



ICJ 
U it) 



*“ - •• 4J 



' * 



. • 



"♦a • g A I 

* • 1 * 

• • • 



• 6 9 i 










7d 



Hssurj.n.^ ft spread cf 1000/ a foot, allowin’ r.o joint 




Pror, ?a^o 06 

t 



I* * S 10. 4360 ill c A H t ^K)«,4.36 a ^l x (.7f!415) x 1000 8 "0.1006 

(20)° 



c -3 



-r- 

•*JL 



V c s 21.1006 
«f 



*bc = Cl c d H a 4 1.7 20 5 .!( .72415) X 1000 _ (*)77.345 

5 ^ ( 20)2 Cl 

£ b = H 577.345 



For .’orent . istrl button Convention 

1% C = (4)77.345 vf b = (-)77.345 



Too aoacnts induced at the ends of the column ;io ’bora are 
equal to 6_, A 

ip 

z $'■»! (500) 5 7.5 ft.jc.ipe 

ri opnr 

A ^ b s ( ~ ) 7 . 5 it. Kips — i-ba 
Cd * ft. Kips s vjj c 



-1C*' 







a 






& m ,*v 










V 

* ** • 









, 



* 






4 * 






I 







* 



V 1 s 






% So 
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A 


c 

M 
< 
*— 
:- 
t > 


for .o tents t-t tc-.« joints 


cau&atl b. 


t « aasu, 


spread 












Joint 


A 


B 




c 


D 


*c.*jbor 


AC 


rih 


*> ^ ^ t > *> * V-' i- % * i 


CH 


;x; 


K 


0.2 


0.2 


0.35*3 5 


0.358 


0.2 0.2 


y 

£L_ . 


0 


0.558 


0.642 


0.642 


0.558 0 



COP 


0 


4- 0.5 


-0.373 -0.3.53 


— 0 « 305 


^ U ♦ 




Q 


PfcH 


- 7.50 


- ^ *50 


4.77.30 




-77.05 


4- 7.50 


* 


7.50 




-13. 51 


-25.01 


-44.84 


-44.04 


4-17.62 














"rr3".*ib 


4-05.53 


153.53 


11;-. .70 


f 


7*35 




1 2.56 


4- 4.72 


4- 0.46 


4. 0.46 


- o.5 r ! 














- Oc .H 


4- 2.15 


i a. lo 


1 l.U 


f 


0.60 




4- 0.15 


f 0.30 


4* 0 • 54 


4- 0.! 4 


- 0.91 














- 0.6b 


4 O.lu 


4- 0.13 


f 0.05 


1 


0 . 0*1 




f 0.01 


1 0.02 


4 0.03 


4- 0.00 










r 


-1".40 


-27.47 


ir r 7 . 4? 




-27.47 


4-27.47 


4-17.49 


.-al. 


















‘•'Oh. 








-35.. >1 4-35.79 











?.ie C JP 0 p required at 3 arid C - 






P* a 



HHP Caused b , : 



! 



(1) . praacl In th* arch (-)2B.10 

(2) w* Lancia? oaent at .4 ( .21622) (55.81) (f) 7.74 

(3) >al acia« f*o-ionfc at t ( .216°?) (35.7«>) (|) 7.74 

(4) Phcar in "tmbor a > - lltlfi {-) ?.«r» 



20 



CO 



(5) 5a® ar in caber BC 



(f)PO.iO 
(-} 7.74 
(-) 7.74 

(t) 2.25 



CJT S p - (-)l'i.iS? 



( + }14-.o7 



+# A 



4* 









» . 









■» vi* 






• j 

-» * 



* • 



. * , r • . i . ' . 

< > ' , - . . 

* ♦ 

* * ; * * 












^ «-^4 i « «' *- • ___ 



^ > 









41 

r**» M 

n.* m 

. 

04 • 



• » • i . • 

l /. .» 

: : 



f* i 



i ■ ■ * •• I 

m I >f 
•4 ■ /#; 



= 



/ 



- HV 






cjy 



ep 



0P for 1000 ) 



3 f • #.**.*• 

irrnv 



. 48bt> M 



ap 



r>i.> \ 




Tho -jowoitc Indncod in the column nerwers fa® »i result 
of ti‘M u!$a\gz*i aid® sway o'yi&la 



» 1222 = is r.k. 



t; 



•V" 

. T 



no 



b r (-)is n:, «Sa * (-) 15 He. ’4d = (->15 fk» dc = C-)1S fk 















'\r^r 



* L 






o 



- , , 
j- ''•r-i.^i. 






/ 



£ i 
nr^t 






■-U 1* mm *1 ** 



,.. ■ a . >; _ Xr n • 



• • U* >0* ml • 









- 



•», 



Colvin,} fcr t e o ifl.'it.* at t. « Jo In to C'us ed by 
tne anau.-jd sidoewny. 



Joint 


fl 


3 






C 




onbor 




T <A 


.iC 


tJALAtC*' 1 
'*.)•.! .KTa 


4 J 


C/) 


50 


K 


0.7 


0.2 


0.353 


0.358 


0.8 


0.2 


V 

<~Z. 


0 


0.358 


0.648 




0.647 


0.368 


0 


C OK 


0 


4 0.5 


-0.303 


-0.503 


-0.323 


4 0.5 


0 




-lb. 00 
4 7.69 


-15.00 
4 5.27 


4 9.65 


4 5.63 


- 3.70 


-15.00 


-15.00 








- 4.74 


419.06 


412.03 


4 6.72 


4 3.56 




4 0.05 


4 1.70 


4 3.04 


4 *5.04 


- 1.1** 












- 0.50 


4 0.76 


4 0.76 


4 U. 45 


4 O. 0 '’ 




4 0.06 


4 0.11 


4 0.10 


4 0.10 


- 0.07 














4 0.04 


4 0.04 


4 0.05 


4 0.02 


















’V 


-11. 40 


- 7.82 


JL 7 * tO 
t *#<»»«• 




4 7.08 


- 7.52 


-11.4(5 


i :»1 . 

f o;a. 








41 rt .'30 418.06 









Tlio CJP at 8 ond C - £ iM?' a 
fiM' Ca^ood by: 

(1) '3nl«mcin~ C.oasent at 5 { ,21622} (18.86) 

(2) : ftlancin* .'OBent ot C ( .21622) (12.06) 

(5) 5 near in a 3 H.‘b) 4 >12 



CJF 



ae 



(-) 2.70 (f) 2.76 

(4) 2.78 (-) 9.70 

(-) 0.96 

{-) 0.96 

{-) 0.9S k (-) U.95 k 



(4) 2iioHr in OC 

























■ 









. 


. 




* 



. 4 



• * 1 ' « 1 • 



*• 



r.i n . c ' : . >.'/ 






• . i .. , 

. • » , • 

. 

• . • • • • 4 4 

'*• * m [ iL l LliU i * mi 1 



44 



X . 



• . . 
• * 




»t I 






AJn , 33 (Kgs for WOO) = WW * s , = 1.354 

CJr'gg THF ^55 



TA 8b La 'PI OX OF LCSdLTS: 



Factor 


*ab 


M ba 


f*bc 


?cb W c d 


Woe 






0) 2.54 


(4) 5.06 


(-) 5.06 


(-) 2.99 


(4) 2.99 


(4) 


1.49 


.4855 M sp 


(-) 8.48 


( - ) 13 .34 


(4 ) 13.54 


( - ) 13.54 


(4)13.34 


(4) 


0.48 


1.354 » ss 


( - ) 15 . 44 


( - ) 10.50 


(4)10.59 


(4)10.59 


(-) 10.59 


(- ) 1.5. 44 


Final 
















Internal 
















Moments 


( - ) 21 .38 


( - ) 10.87 


(4)18.87 


(-) 5.74 


(4) 5.74 


(-) 


5.47 



H = 21.58 4 18.87 _ 40.25 _ n * k 

a -q • 20 “ ' * 

Mj * (>) 5.74 ( - ) 5 . 47 ( 4 ) . 27 , #0 13 k 

d 20 — 20 

Cutting tne Bent at "A" 

V a (20) 4 21.58 - 60 - 40 - (-)5.47 

v a s .II * .,. 4 .?. «, vs, 15 _ 5.5575 k I 

20 2(T 

Cutting the Bent at Ft 3 n 

-V d (20) f 5.47 - 40 4 140 = {-)21.38 

V d = = 6.3425 k 
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l ' , . *• 



lll'i 
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' Jkir 



4 . ( t . 1 1 

4 T . ; { 4 12. . • 

- . 4 T . . - r • 

• • ' . i - ♦ r . - 



- *s - 



. - . v . - 



■ . 



r 



"»* -H • * J “_' • 1 



] . 



. - X 



. 



T 



- r », 



>» • • • 



- , V ' 



1 • 



■t* 
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ixfi UiTulA A 
Prlfi’iatlc Arch 

Sample calculations for deter.* inin^s 
(1) j ©actlone at neutral Feint. 

(?) ^ixed ,nd roaiwnfc. 

(3) C<&rrj- over Factor. 

(*1) 'ioriaontel Tnruet juo to l.otction of f *© Joint. 
( h) Absolute wfclffnosa. 

(C) ffect of fproad. 



3- 



) ... i • ± i . »■ . & u | ii* Qf 

Qi 

* • 3 ’t 1 a l x '^ j ' .' ■ i. i i x • • / iA > 

From Vornulas Tevlousl.: )eriv«d 

$ . ytwr.-r)] \„ h . 2pl - UftiV < ;t -r0 « L 



Piso/up&n - .20 v • .7S5» p/2 - .3625* T a l.li)347s>» 



p O 

?j*-a(H-r) ouf. { -r) -^ 5 — 

7 SvK 4 ? 7 o i . fe'&kvyt i,J 



I VV / 



. 4?05o40;) ( A ) 7OP07775I "( - ) .00410554 T^. . 103479 



& 



(X i.i 



i'witx i* i* v 0 , *’ 0 ui.*i d at . • ,u tp .4- i ■ -‘it. i t >r n. 

P ■!.: n >.lw o. i/ s ■ >-i««/.ipan - .20 



« 43°3<3’ 11.5" s .76102 Pndluno Oos.s. « ,7241b 'in* » . 6tP>6!> 



Load folnfc iln^xp *^1 



P 



1 

/> 

w 

0 

4 



0 

. lo ^95 

.27500 

.41379 

.55172 



0 



Ccss-ii > 



"lp 



7055* 41.4” 
ie ° oo '< t 7 . iP ? 
R4°£6»35.6" 

33° ? 9 * 7.2" .03405 



«ip i ' i'fiiino 



1.00000 0 

.7 0044 .13.357 



.06120 . 17943 

.01037 . 40362 

. 50445 



Fro* ^orrula. Previously 3«ri vad 

_ »t 

^ — 33 C n — r* y G*i p-»< + 6{ ^lp' (K-rJ-d*'! 4.^ 



Load 

i ' Oint . 

— ™ 

2 .1 

5 . < j 

4 .3 

5 .4 





. 04903005 
.04033605 
.04903065 
. 04 000005 
.04)30365 



0 

.00053555 

.00272352 

.00951171 

.02363010 



0 0 
.05302330 .05206000 
. 0? 612500 . 10104615 
.1105750 .14355397 
•1%250X) .17535431 



AV 

.04 .3* 65 
.0355: 530 
.0*223(393 
.01101047 
.00310365 



j‘ T I \ , .[ h no a 

.■■n r ♦ til (rent,. 



1 «**: m, p- l.rr 



- A i 

v o = ^vv 



L v I .OW7781 



Load Point 



AV 



V 



o 



1 

o 
• > 

3 

4 

5 



.04033365 

.03535500 

.0°223Q98 

.01101047 

.00310335 



(-) . .5000000 
{-).55f>3M3 
(-) .2778300 
(-). 1103504 
<-) .031105.4 



Froir. •■or-.ula Prevloualy ...orlvovi 
H5- • 

A.I * IT * lP~ 4- K(W){23) 

— 



st*Coe* Ip (J^,) - (roUip)*ip<as) 

u ~ 



T, 



Load 

j'oint 



A lP 



P ** 

{ u * 
1 1 



o 

> *■*/<£ 
■t «■ *>.y 

'IT 



(-In)*' ROi-rJL^ P‘'0o:i« lp (R5) 






.0 



4 

5 



0 

.1 

.2 

.3 

.4 



.65701205 
.05701205 
.85701205 
. 65701205 
.85701205 



.030525 
.030675 
.030825 
.020625 
.0908 '"’5 



0 

.003075 
.014500 
.032625 
• 056000 



. 75007555 
. 75007555 
.25007555 
.25007555 
. 85007555 



.34554743 

.34204034 

.33104311 

.31438937 

•8O90C594 



x !p R(*ip) (*i p Xj£ 



A'\ 



hh 



H, 



o 

.1 
.2 
.3 
. 4 



.00651104 

.08567510 

.06096413 

.11135364 



{-) .00454180 
( - ) .00430543 
(-). 00336775 
(-) .00702795 
{-) .00057003 



{- ) .00410584 
{-). 00410534 
(-) .00410504 
{-). 00410884 
{-) .00410504 



(-) 1.1305565 
(-)l. 0413539 
(-} .3202531 
(-} .4039134 
{-) .10535,18 



-Tov, .'•'omul a Ir«vloualy ’-©rived 



& - O(i'-r) f !r (Ce*«3 lp ) - ( ax d )L t 



D 



* o ~ °0r,i 



r * p 
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f.|*) 



... 
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* % . o 
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•. w » •• -*> . » : , 
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- M >. 




* 












• . 









A 


X *"**« 


.!'*( » *< 




rf± ^im«| 


p**a * % c 


* - 


• . . •- < ^ . 










■* • 
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i -• . 








M 0 *1 
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* 


4. 


i v i; . - • 




(•I 


, - 


> w ft;/. 


















4f* 






* | ( 9u« 


v *• 



Yj ; 



-05 



i)wT -H fIXATI‘Ji. .2 V Q , 3 0 ana « VP t '.X'';>sL y 1 .T 



Load 

Point 


‘Ip 


R(R-r) 




/^N 

C ip L 

2 




1 


0 


.3*“ 03250 


.5255250 


0 


0 


P 


a 


•3B06SS0 


.5200000 


.05017325 


.01005103 


0 


.« 


.3805850 


.5052307 


. 11034700 


.04052460 


4 


.3 


.3005230 


.4705132 


. 16552105 


,0327.3005 


5 


.4 


.3305250 


. 4503870 


.22000500 


,16343470 



■oad 

olnt 


3 


% 


1 


.1450000 


.1314026 




.0040523 


.08500-8 


*r 

i/ 


. Do 4732 4 


.0430452 


4 


•0251538 


.0227972 


5 


.0065503 


.0059366 



* % % 



■ 












' * 








” * 

. 






r* 



. 

• . 






•• p* 

4 

» 

« 



n r w 







- 00 - 



u JT *'i 


k i .• ci *«:. * yik - - £. ■ 


* y »i ' ■ i i: .. Xu c 




ti 

* 


v o % - ” 0 


L > 
t 0 




* . 
r - 


" v o % - ! - 0 QMn-y)] 


K H (% - x lp ) 




X 1.P 


v o 4 


do Cr+'-flJ 


o 


0 


(-.3000000) (-.5) 


( -1 . 1305555 ) ( - . 1320130 ) 


(-.1514026) 


.1 


(-.3563515) (-.6) 


( -1 . 0430530 ) ( - . 1320150 ) 


( — . 0 « d ) 


.2 


(-.2805000) (-.5) 


( -0 .‘5202331 ) ( - . 1300130 ) 
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